ABSTRACT. In the theory of partial differential equations, there is no explicit representation of solutions for general degenerate elliptic-parabolic equations. However, Stroock and Varadhan [15] have obtained a stochastic representation for such a wider class of equations in L°° space. In this paper we establish, by using Stroock and Varadhan's stochastic representation, a method which enables us to construct solutions with singularities of second order equations with semidefinite characteristic form. Our theorems are not probabilistic paraphrases of the results obtained in the theory of partial differential equations. In fact, each assumption of the theorems is much weaker than any assumption of corresponding known results.
We cannot remove condition (2) . In fact, the operators M"£(0-(* = «...), «p(±)¿(¿)°-i are hypoelliptic in Rd (cf. [8, 2] ). For any point p in G there passes an integral manifold M through the point p which satisfies condition (3). In fact, let A be a distribution (in the sense of differential geometry) spanned by the vector fields Xo, Xi,..., Xa, i.e., A is a mapping defined in G such that
A(x)= |¿AtX¿(x): A«€R(«sO,l,...,i0|-Ö denotes the group of local C°° -diffeomorphisms in G generated by Xo, Xi,..., Xj. Let D be the smallest ©-invariant distribution in G, i.e., D(x) is the linear hull of all vectors v £ Rd such that v £ A(i) or v £ d<j)(A(y)) for some y £ G and some (j> £ <£> satisfying x = <p(y). Then, according to Sussmann [16] , through every point in G there passes a maximal integral manifold of D. Any maximal integral manifold of D satisfies condition (3) . Consequently, we obtain the following fact:
If the operator A is hypoelliptic in G, then However, (5) is not a sufficient condition for hypoellipticity. In fact, Kusuoka and Stroock [11] proved that the operator (£),+-(S)(A),+(¿)' <*>» is not hypoelliptic in R3.
In case the coefficients a¿j, 6¿,c are real analytic, Derridj [5] and Oleïnik and Radkevié [12] have proved that on the same assumption of Theorem 1 there exists a solution u of the equation Au = 0 with sing supp u ^ 0. Amano [1] has proved that their theorem remains true when the coefficients are real C°°-smooth. THEOREM 2. Assume that d (6) ^2 atj(x)ti£j > 0 for all (x, ()eGxRd and assume that there is a real valued function xb belonging to the class C°° (G) such that xb attains 0 at some point in G, Vxb ^ 0 in G, Condition (7) means that M is a characteristic hypersurface of the operator A. Condition (8) is not removable. In fact, we have only to consider an operator A = d/dxd in Rd and a hyperplane M = {x £ Rd: xa = 0}. When (9) is not satisfied, the result of Theorem 2 is not always true. However, if we assume (X0, Vxp) =0 and X0 ^ 0 on M instead of (9), then, for any point p on M, Theorem 1 ensures the existence of a solution u of the equation Au = 0 satisfying (4). It is to be noted that we can apply Theorem 2 to degenerate parabolic operators. (ii) // (Xo, Vxp) < 0 on M, then for any point p on M there exist an open neighborhood U of p in G and a function u of the class L°°(U) such that Au -0 in U and (15) p £ sing supp u.
Zuily [17] has proved that if aij(x) are real analytic and if the matrix (aij(x))dxais either positive or negative semidefinite at each point x in G, then for any point p in G there exist an open neighborhood V of p in G and a real analytic function xp(x) in V such that (11) is valid in V. If (Xr¡,Vxp) > 0 on M, then the operator A is hypoelliptic on a moderate assumption (cf. [17, 3] ). It is to be noted that Theorem 3 shows that the operators xd ¿(é)2-^ <*-dd,d>2)
are not hypoelliptic in Rd and on the other hand, Zuily's theorem [17] shows that the operators
are hypoelliptic in Rd. Thus the sign of (Xo, Vi/>) has a significant influence upon the hypoellipticity in case the characteristic form changes sign.
When at](x)/xp(x) £ C°°(G), Ta.nk(aij(x)/xp(x))d><d > 0 in G and
eO in G, Beals and Fefferman [3] have proved that on the same assumption of Theorem 3 there exists a solution u of the equation Au = f such that sing supp / C¿ sing supp u. Helffer and Zuily [7] have proved that the operators of Fuchs type are not hypoelliptic. Kannai [10] has given a virtually complete characterization of hypoelliptic ordinary differential operators. LEMMA 1.1 [13] . o~ij(x) are Lipschitz continuous in Rd.
Let f2 be the space of all Rd-valued continuous functions defined on [0, oo). x(t) = x(t, w) = uj(t) denotes the value of a function u> £ fi at t. 3t is the cr-field generated by the functions x(s, ■) for 0 < s < t. 5 is the smallest tr-field containing 3t for all t > 0.
The following lemma is well known. LEMMA 1.2. There exists a probability measure P defined on (fi, 5) such that (fi, 3,3t,x(t), P), t > 0, is a Brownian motion.
For convenience we often rewrite the function x(t) -x(t,uj) as w(t) = w(t,uj) when (Q,$,$t,x(t),P), t > 0, is a Brownian motion. The following two lemmas are also well known. 
Here Mw[0,T] is the set of all nonanticipative functions f(t) with respect to (Q,$t) satisfying E f0 \f(t)\2dt <+oo.
we define a probability measure Px on (fi, J). Then (f2,5, $t,x(t),Px), t > 0, x € Rd, is a diffusion process generated by the differential operator A -c(x).
The proofs of our theorems essentially depend on Itô's formula (Lemma 1.5) and Stroock and Varadhan's stochastic representation (Lemma 1.6). and
where u(x) is the inward normal vector at x to dU. The sets T and E are not essentially different; in fact E C T C E (cf. [15] ). G is a constant defined by
Then we have the following LEMMA 1.6 [15] . Assume that (1.3) sup Ex{(\ + r)eCr] < +00.
ieu Then for given f £ L°°(U) and g £ L°°(T) n G(E), the function
is a unique solution of the Dirichlet problem
inL°°(U). Here (1.4) means fuAt<pdx= f ftpdx ((p£C^(Rd)).
In case / = 0, we can replace the assumption ( for any constant C and any k = 1,2,-In the proofs of our theorems we use fundamental properties of the probability measures Px (Lemmas 1.8 and 1.9).
Let us define S(x) to be the set of uj £ fi such that 2. Proof of Theorem 1. Throughout this section, we assume (1), and assume that M is a submanifold of G satisfying (2) and (3). Let p be a point on M and let V be an open neighborhood of p in G. Let us take a nonnegative function X £ Go°(V) and consider a diffusion process (Q,$,$t,x(t),Px) generated by the operator x(A -c(x)) (cf. Lemma 1.4). Then we have the following two lemmas. This implies, by Lemma 1.7, u £ L\oc(U) and (2.8).
Let us define functions un(x), n £ N, in U by u"(x) = E gn(x(r))expj / c(x(s))ds\ , where gn(x) = g(x) A n. Lemmas 1.6 and 1.7 give junA*4>dx = 0 (<t>£C0x>(U)).
By letting n -» oo, we obtain (2.7). where r is the exit time of x(t) from U. Furthermore, by (7)- (9) and Lemma 1.8, we have , . / > 0 if xd > 0,
Combining this fact with Lemma 3.1, we obtain the desired result.
4. Proof of Theorem 3. Throughout this section, we assume that xp £ G°° (G) is a real valued function such that xp -0 at some point in G, Vxp ^ 0 in G and (11) is valid, and furthermore, we assume (12) . Without loss of generality, we may assume that xp(x) -xd. We set G+{x £ G: xd> 0}, G--{x £ G: xd < 0} and M = {x G G: Xd = 0}. (11), (12), (4.6) and (4.7), we may assume that (4.9) 6i(x)^0 inV. 
